We present the quadratic algebra of the generalized MICZ-Kepler system in three-dimensional Euclidean space E 3 and its dual the four dimensional singular oscillator in four-dimensional Euclidean space E 4 . We present their realization in terms of a deformed oscillator algebra using the Daskaloyannis construction. The structure constants are in these cases function not only of the Hamiltonian but also of other integrals commuting with all generators of the quadratic algebra. We also present a new algebraic derivation of the energy spectrum of the MICZ-Kepler system on the three sphere S 3 using a quadratic algebra. These results point out also that results and explicit formula for structure functions obtained for quadratic, cubic and higher order polynomial algebras in context of two-dimensional superintegrable systems may be applied to superintegrable systems in higher dimensions with and without monopoles.
Introduction
The most well-known superintegrable systems are the Kepler-Coulomb system and the harmonic oscillator [1, 2, 3] . A systematic study of superintegrable systems with second-order integrals of motion ('quadratically superintegrable systems') in two-dimensional (2D) Euclidean space was begun some years ago [4, 5] . For a review of 2D superintegrable systems we refer the reader to [6] .
In N dimensions, the symmetry algebra generated by the integrals of mo-tion of the harmonic oscillator is the Lie algebra su(N), while that of the bounded states of the hydrogen atom is the Lie algebra so(N + 1). A nonlinear symmetry algebra was discussed for the first time in context of the Kepler-Coulomb system and harmonic oscillator on the three sphere S 3 [7] . A quadratic algebra for these two systems and the Hartmann potential were obtained for fixed energy and angular momentum [8] . The integrals of the Hartmann system form a quadratic Hahn algebra QH(3), while a quadratic Racah algebra QR(3) describes the symmetry algebra of the harmonic oscillator and Kepler-Coulomb system on a 3D space of constant curvature.
A general quadratic algebra in classical and quantum mechanics, generated by second order integrals of motion, was studied by Daskaloyannis [9] , who discussed its realizations in terms of deformed oscillator algebras and found a method to obtain the energy spectrum algebraically. We generalized this method for systems with a second and a third order integral of motion, generating a cubic algebra [10] . In further work all quantum superintegrable systems separable in Cartesian coordinates with second and third order integrals were studied from the point of view of polynomial algebras [11] , and a class of quintic and seventh order algebras, their realizations in terms of deformed algebras, and their finite dimensional unitary representations, were presented. Families of systems with algebras of arbitrary order were also considered. We also discussed the relations between superintegrable systems and their polynomial symmetry algebras, ladder operators and their polynomial Heisenberg algebras and supersymmetry [11] .
A systematic search for superintegrable systems with magnetic fields was started in recent years [12] [13] [14] [15] . However, the problem of degeneracy in the presence of a magnetic monopole was studied in earlier articles independently by Zwanziger [16] and by McIntosh and Cisneros [17] . This system and his dynamical symmetry algebra was also studied in Ref. 18 . This 'MICZ-Kepler' system, of a magnetic monopole in flat 3D space with an arbitrary electric charge plus a fixed inverse-square term in the potential, is superintegrable, and has an so(4) symmetry algebra generated by the Poincaré vector together with a Runge-Lenz vector. The MICZ-Kepler problem also exists in higher dimensions, just as the Kepler problem does [19] , where they remain su-perintegrable. The Yang-Coulomb system (YCS) is another superintegrable system, consisting of the Yang monopole and a particle coupled to the monopole by isospin su(2) and the Kepler-Coulomb interaction [20, 21] . This system is related to the 8D harmonic oscillator and has a so(6) symmetry algebra [22] .
The MICZ-Kepler problem was also considered in S 3 [23] . The integrals of motion of this superintegrable system form a cubic algebra similar to that of the Kepler-Coulomb problem on S 3 . Further, a generalized MICZ-Kepler system was introduced by Mardoyan [24] . This system can be seen as the intrinsic Smorodinsky-Winternitz system with monopole in 3D Euclidean space. It can be transformed into a 4D singular harmonic oscillator by a duality transformation [25] . The corresponding Schrödinger equation was solved for these two cases, but no polynomial algebras were found.
In light of these results one can ask the question if a polynomial algebra can be generated by the integrals of motion of the generalized MICZ-Kepler system and the 4D singular harmonic oscillator. The purpose of this paper is to obtain such a polynomial algebra and its realization in terms of a deformed oscillator algebra of these two systems, and to present a new derivation of their energy spectrum using an algebraic method.
The paper is structured as follows. In Section 2, we recall results on quadratic algebras and their realization in term of deformed oscillator algebras. In Section 3 we consider the case of the generalized MICZ-Kepler system. We present the quadratic algebra, the Casimir operators, the realization in terms of a deformed oscillator algebra and its spectrum. In Section 4, we consider the case of the 4D singular oscillator. In Section 5 we present a new derivation of the energy spectrum of the MICZ-Kepler system on S 3 by constructing a quadratic algebra and using its realization in terms of deformed oscillator algebras.
2 Quadratic algebra and realizations in term of deformed oscillator algebras
The most general quadratic algebra [7] generated by the integrals of motion of a quadratically superintegrable system is
In the [9] [10] [11] , the structure constants of the polynomial algebra were assumed to be polynomial functions of the Hamiltonian only. Such algebras were studied in the context of 2D superintegrable systems. However, because we are interested in application in context of superintegrable systems in dimension higher than two, in this paper we allow the structure constants β, δ, γ, ǫ, ζ, a, d and z to be polynomial functions not only of the Hamiltonian but also of any other integrals of motion (F i ) that commute with the Hamiltonian, with each other and also with the generators of the quadratic algebra A, B and C (that is,
. When we study this algebra's realization in terms of deformed oscillator algebras and its representations, we will fixed the energy (Hψ = Eψ) but also these other integrals (F i ψ = f i ψ) of motion that form, with the Hamiltonian, an Abelian subalgebra. The Casimir operator (
of this quadratic algebra is thus given in terms of the generators by
The Casimir operator K will be also rewritten as a polynomial of H and F i .
The realizations of the quadratic algebra in terms of deformed oscillator algebras were obtained in [9] :
and the structure function for the case ǫ = δ = β = 0 is given by
(Such realizations for cubic and higher order polynomial algebras have also been obtained [10, 11] .)
To obtain unitary representations we should impose the following three constraints on the structure function :
The energy E and the arbitrary constant u are solutions of the equation obtained from these constraints.
Generalized MICZ-Kepler systems
The generalized MICZ-Kepler system was introduced and studied by Mardoyan [24] , where it was shown that the Schrödinger equation for this system allows separation of variables in spherical and parabolic coordinates, and the spectral problem was solved. We use the system of units for which ( = m = e = c = 1 )
The Hamiltonian of the generalized MICZ-Kepler system is given by
Let us recall the Poincaré and Laplace-Runge-Lenz vectors for the MICZKepler system on the three-dimensional Euclidean space E 3 :
3)
The generalized MICZ-Kepler system has the following integrals of motion
From these, we can form the quadratic algebra (with [A,
which is the Daskaloyannis quadratic algebra at the special values of its structure constants
The Casimir operator can be rewritten in terms of the Hamiltonian and J z (which commute with all generators of the quadratic algebra) as
Using (2.4), (3.7) and (3.8) (with the energy and the z component of the Poincaré vector taking the values Hψ = Eψ and J z ψ = mψ) we then obtain the structure function (with
From the constraint (2.5) we then obtain the following finite dimensional unitary representation and energy spectrum
In the Ref. 23 the energy spectrum in terms of the principal quantum number was presented
The Eq.(3.9) of the Ref. 24 relate the parabolic quantum numbers n 1 and n 2 with the principal quantum number n
(3.13) By taking p = n 1 + n 2 the formula given by Eq.(3.10) and Eq.(3.12) coincide.
To summarize : We have obtained the quadratic algebra for the generalized MICZ-Kepler system, constructed its realization in term of deformed oscillator algebra, and obtained the energy spectrum. This is the first study of this system from the point of view of its polynomial algebra.
Four dimensional singular oscillator
A relation between systems with and without monopoles has been discussed in [22] , and such a relation was obtained for the generalized MICZ-Kepler system system and a 4D singular harmonic oscillator [25, 26] , which is also superintegrable. Let us recall results concerning these systems and the duality transformation. We consider the following change of variables [25] :
The generalized MICZ-Kepler system is then transformed into a 4D double singular oscillator [26] . If we change β = θ and α = φ and pass from the coordinates r, α, β, γ to the coordinates
we obtain the Hamiltonian
This system was studied in [26] , and is separable in Eulerian, double-polar and spheroidal coordinates in E 4 . It has the following integrals of motion ( 
for which the structure constants may be obtained by comparing (2.1) and (4.7) :
We can obtain the Casimir operator and rewrite it in terms of H, J 3 , J ′ 3 (which commute with all other integrals of motion) :
(4.9)
The structure constants (4.8) and the Casimir operator (4.9) allow us to obtain the structure function Φ(x) of the deformed oscillator algebra. The energy and the two angular momenta are fixed, Hψ = Eψ, J 3 ψ = mψ and J ′ 3 ψ = sψ. The structure function is then given by (with
We found the following finite dimensional unitary representation :
In Ref.26 the systems was studied using double polar coordinates and the double polar quantum numbers n 1 and n 2 . There are relations similar as Eq.(3.13). These results coincide by taking p = n 1 + n 2 .
To summarize : We have presented an algebraic derivation of the energy spectrum of this superintegrable system, and its finite-dimensional unitary representations. This system is interesting not only for the duality (4.1) but also because 4D systems have not been studied systematically, and the application to them of polynomial algebra, with its power to determine spectra, is an unexplored subject. We leave to a future article the study of the corresponding classical superintegrable system and the polynomial Poisson algebra.
MICZ-Kepler system on S

3
, deformed so(4) algebras and quadratic algebra
The quantum mechanical problem of motion of a arbitrary dyon field modified by a centrifugal term proportional to the square of the magnetic charge, (the MICZ-Kepler problem) has also been considered in the 3D space of constant positive curvature S 3 [23] . The integrals of motion of this superintegrable system form a cubic algebra similar to that of the Kepler-Coulomb problem on S 3 . The explicit form of this cubic algebra may be used to obtain the energy spectrum of the problem [23] . We will point out that we can form a quadratic algebra with three generators and use results obtained in context of 2D systems to obtain the energy spectrum.
We begin by recalling some known results concerning the MICZ-Kepler system on S 3 . In coordinates x = {x 1 , x 2 , x 3 } and
R 2 −x 2 and the Hamiltonian
1)
From [22] we then have
The integrals of motion are the Poincaré and Laplace-Runge-Lenz vector
The MICZ-Kepler Hamiltonian on the sphere can be rewritten
and the cubic algebra [21] is then given by
with the relations
Quadratic algebra and realizations in term of deformed oscillator algebras
The representations of this algebra were discussed in terms of the cubic algebra [22] given by (5.8). Deformations of the Lie algebra so(4), so(3, 1) and e(3) that leave their so(3) subalgebra undeformed and preserve their coset structure were studied by Quesne [27] and the cubic algebra (5.8) is a particular case. We will point out how results obtained for polynomial algebra in the context of 2D superintegrable systems can be used to obtain the finitedimensional unitary representation and the corresponding degenerate energy spectrum. The duality transformation for the Kepler-coulomb system in 2,3 and 5 dimensional sphere was investigated in Ref. 28 . Let us consider the three generators 11) and form the quadratic algebra
. By comparing (2.4) and (5.12) we obtain the structure constants
The structure constants can be used to obtain the Casimir operator K of the quadratic algebra. We rewrite this operator as a polynomial of the Hamiltonian and J z using (2.2) and the two Casimir operators of the quadratic algebra (5.9) and (5.10) :
14)
The energy and the z-component of the Poincaré vector J z are again fixed, H = E and J z = m. For the MICZ-Kepler systems on S 3 we then use (2.4), (5.13) and (5.14) to obtain the structure function
This can be rewritten in the following form (with E ′ = 1 + 2ER 2 ) :
We obtain, with the constraint given by (2.19),
To summarize : We have obtained the finite dimensional unitary representations and the corresponding energy spectrum, and have thus obtained a new algebraic derivation of the energy spectrum of this system using algebraic results obtained in the context of 2D superintegrable systems.
Conclusion
In this paper we considered the generalized MICZ-Kepler systems and the 4D singular harmonic oscillator. These systems are respectively in the 3D and the 4D Euclidean space. We presented the quadratic algebra for these two systems (for which, to our knowledge, no polynomial algebras have been obtained before), their realizations in terms of deformed oscillator algebras, their finite dimensional unitary representations and energy spectrum. The use of polynomial algebras to solve superintegrable systems in dimensions higher than two is a relatively unexplored subject [29] , and these systems, with the duality relation between them, provide an important example.
We pointed out also that results obtained in [7] [8] [9] in the context of 2D superintegrability may be applied to other superintegrable systems in higher dimensions. The structure constants of the quadratic algebras and the structure function involve not only the Hamiltonian and but also other involutive integrals. In the case of the generalized MICZ-Kepler system there is one other such integral of motion (J z ) and in the case of the 4D singular oscillator there are two such integrals (J 1 and J 2 ).
We also obtained a quadratic algebra for the MICZ-Kepler systems on S 3 from the cubic algebra with six generators and two Casimir operators. We used the results of Daskaloyannis [9] to obtain realizations of this in terms of deformed oscillator algebras and presented an alternative algebraic derivation of the energy spectrum. Thus the problem of finding the finite dimensional unitary representations and the corresponding energy spectrum for this system can be achieved by applying the constraint (2.5) to the structure function and solving an algebraic system of equation.
Similarly as for the Kepler-Coulomb systems, the Hartman potential and the Kepler-Coulomb system and harmonic oscillator on the three sphere S 3 [7, 8] the the MICZ-Kepler systems on S 3 , the generalized MICZ-Kepler systems and the 4D sungular oscillator possess a quadratic algebra with three generators and we can reobtain the energy spectrum from this algebra. However, results obtained in context of two-dimensional systems should be applied carefully in context of higher dimensional systems. A systematic study of higher dimensional suprintegrable systems and their polynomial algebras remains to be done.
A systematic search for systems with spin was also started recently [30] . It could be interesting to see how results obtained in [7] [8] [9] could be applied in this context.
The MICZ-Kpler systems [31] [32] , the MICZ-Kepler systems on the three sphere [33] and the generalized Kepler system [34] were discussed from the point of view of supersymmetric quantum mechanics. The factorization of the generalized MICZ-Kepler systems were also discussed [35] . We pointed out in context of two-dimensional superintegrable systems a relation between higher order integrals of motion, higher order ladder operators and higher order supersymmetric quantum mechanics [10, 11] . Such relation should be to be more studied in context of systems with and without monopole.
